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LECTURES ON THE FOURTH ORDER Q CURVATURE 

EQUATION 


FENGBO HANG AND PAUL C. YANG 


Abstract. We discuss some open problems and recent progress related to the 
4th order Paneitz operator and Q curvature in dimensions other than 4. 


1. Introduction 


In conformal geometry, a major tool is a family of conformal covariant operators 
and their associated curvature invariants. In dimension n > 2, the conformal 
Laplacian operator 


L = -ihTAlA 

n — 2 

enjoys the following covariance property, 


R 


( 1 . 1 ) 


L A = p ^-^Lg{pip) (1.2) 

for any smooth positive function p (see m)- Here R denotes the scalar curvature. 
The associated transformation law of scalar curvature follows. 


R^ =L^l=p "-^^Lgp. (1.3) 

pn-2g p^-^g 

A fundamental result is the solution of the Yamabe problem [Au21 [Sj [H |Y] , which 
is related to the sharp constant of the associated Sobolev inequality. Since then, 
there is a large literature on the analysis and geometry of this equation. In order to 
gain additional information on the Ricci tensor, the 4th order Q curvature equation 
comes into play. 

Let {M,g) be a smooth Riemannian manifold with dimension n > 3, the Q 
curvature is given by (IB El) 


Q 





2 

in-2f 


\Rc\^ 


-AJ-2|A|V 


+ 16n — 16 , 

- 9 - 5 “-^ 

8 (n — 1) (n — 2) 


Here Rc is the Ricci tensor and 

j- ^ 

2(n- 1)’ 

The Paneitz operator is defined as 


A = {Rc- Jg). 
n — 2 


(1.4) 


(1.5) 


Pip 

= - {Rc{\7p,ei)ei) 

n — 2 

= A^p + div (4A (V(/3, Ci) Ci — {n — 


— 4n + 8 
2{n-l) (n- 2) 


div (RVp) + 


^ 

2) JVp) H- 


n — 


( 1 . 6 ) 
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Here ei, • • • , e„ is a local orthonormal frame with respect to g. Note that the use 
of J and A (Schouten tensor) simplifies the formulas of Q curvature and Paneitz 
operator. 

In dimension n 4, the operator satisfies 


n+4 

P i ip = P ’'-*Pg (pp) 

p^-*g 

(1.7) 

for any positive smooth function p. This is similar to ()1.2p. As 
have 

2 2 r. + 4 

a consequence we 

Q = - iP 1 = - iP "•~‘^PgP- 

n —4 p"-*g n — 4 ® 

In dimension 4, the Paneitz operator satisfies 

(1.8) 

Pe'^^gP = e~^'"PgP 
and the Q curvature transforms as 

(1.9) 

Qe^'-g = {PgW + Qg) . 

(1.10) 


This should be compared to the conformal invariance of —A on surface and the 
transformation law of Gaussian curvature under a conformal change of metric. 

The main theme of research is to find out the role of Paneitz operator and Q 
curvature in understanding the geometry of a conformal class and the topology of 
underlying manifold. For example we would like to know how the spectral property 
of Paneitz operator affects the topology. Below we will start with dimension 4, when 
the Q curvature equation and its applications is relatively well understood. Then we 
will discuss recent progress in dimension n > 5 about the Green’s function of Paneitz 
operator and the solution to finding constant Q curvature in a fixed conformal 
class. At last we will turn to the dimension 3, where the Q curvature equation 
is particularly intriguing and of very different nature from the scalar curvature 
equation. Open problems will be pointed out along the way. 


2. Dimension 4 


A basic fact that makes the Q curvature interesting is its appearance in the 
Chern-Gauss-Bonnet formula. For a closed 4-manifold (M, g) we have 


[ Qdg,+ ^ [ \Wf dg = . 

Im ^ JM 


( 2 . 1 ) 


Here W is the Weyl tensor. It follows from the pointwise conformal invariance 
of |IF|^ d/r and (j2.1ll that the Q curvature integral is a global conformal invariant 
which we denote by Kg i.e. 


Kg / QgdfXfj 


( 2 . 2 ) 


IM 


and Kg = Kg for any g € [g], the conformal class oi g. A basic result about this 
invariant is the following sharp upper bound: 


Theorem 2.1 f [G2) b Let {M,g) be a smooth compact four manifold. If Lg > 0, 
then Kg < with equality holds if and only if {M, g) is conformal diffeomorphic 
to the standard four sphere. 


Theorem [Q follows from an identity found in [HY4] . The identity will have a 
crucial counterpart in other dimensions. 
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Theorem 2.2 f [HY4) h Let {M,g) be a i-dimensional smooth compact Riemannian 

manifold with Lg > 0. For p € M, let Gl,p be the Green’s function for Lg with pole 

2 


at p, then we have 


Rcc2 


L,p9 


is bounded and 


P{\ogGL,p) = IGir'^Sp - - 


^^Gla 


-Q 


(2.3) 


in distribution sense. 


Choosing 1 as test function in (12.3|) we see 


Qdp = 1671^ 


IM 



dp. < IGtt^. 

9 


If equality holds, then Rcq 2 ^ g ~ ^ relative volume comparison theorem 

we conclude {M,g) must be conformal equivalent to the standard S'^ (see [HY41 
section 5]). 

To study the Q curvature equation, it is important that the Paneitz operator be 
nonnegative with only constant functions in its kernel. A quite general condition 
ensuring such kind of positivity is given by 


Theorem 2.3 f [G2p . Let {M,g) be a smooth compact A-dimensional Riemannian 
manifold with Lg > 0 and Kg > 0, then the Paneitz operator P > 0 and the kernel 
of P consists of constant functions. 


As an application of Theorem l2.1l and l2.31 we have a general existence result for 
a conformal metric of constant Q curvature. This is analogous to the existence of 
constant Gauss curvature metrics in dimension two. Let us consider the following 
functionals 


' = /„ -1 (/„ I"'!' ■"■)(HW) 


'M 


e^’^dp , (2.4) 


II (w) 


(2.5) 


1 


Pw • wdfi + 2 / Qwdfi — - [ 


/M 


/M 


'M 


p{M) 


e^'^dp ) , 


'M 


and 


III {w) = / J^ 2 ^gdp^ 2 n,g - / J^d/i. 
Jm Jm 


The Euler-Lagrange equation of functional II is given by 


Pw + Q - 


Jm Qdp 4^ 


Im ^^"<^ 1 ^ 


e^'” = 0 . 


Or in another word, 

~ const. 

On the other hand, the Euler-Lagrange equation for functional III is 


( 2 . 6 ) 

(2.7) 

( 2 . 8 ) 


— 0 . 

In m the general functional F = 74 / -|- 72 // + 73 d// was studied. 


(2.9) 
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Theorem 2.4 ( |CY) ^. If the functional F satisfies 

72 >0, 73 >0 (2.10) 

and 

< 167r^72) (2-11) 

^ Jm Jm 

then there exists a minimizer for 

inf F(4i;). (2.12) 

Any minimizer must be smooth. If w is a minimizer and we write g = e^'^g, then 


7i 


W 




Moreover for any ip G (M) with 


[ pdfi. = 0 , 

JM 


(2.13) 


(2.14) 


have 


72 / Pl> ■+ 


IM 

> flog 


IM 


A(/j ■ 


V(/j 


-2J 


Vp 


dp (2.15) 


1 


m(m) 


[ e*‘^dA . 

Jm ) 


Here Pp ■ pdp is understood in distribution sense. 

For the functional II, we have a similar existence result. 

Theorem 2.5 ( |CY ) ). If 

Kg = Qdp < 

JM 

P > 0 and the kernel of P consists only of constant functions, then 

inf II (w) 

weH^{M) 

is achieved. Any minimizer must be smooth. If w is a minimizer and we write 
g = e^'^g, then 


(2.16) 

(2.17) 


Moreover for any p € (M) with 


have 


IM 


Q- 

^ m(M)- 

(2.18) 

[ pdp = 0, 

(2.19) 

JM 



(2.20) 

distribution sense. 



Here Pp ■ pdp is understood in distribution sense. 

More results on the existence of conformal metrics with constant Q curvature 
can be found in [DMj . The main ingredient for Theorem l2.4l and l2.5l is the following 
version of Adams inequality (IM]): 
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Theorem 2.6 f |BCYl IF] 'I. Let {M,g) be a smooth compact 4-dimensional Rie- 
mannian manifold with P > 0 and kernel of P consists only of constant functions, 
then for any w S (M) with 


we have 


In particular 



= 0 , 




\ 

JMPw-wdfiJ 


dp. < c {M, g) < oo. 


( 2 . 21 ) 

( 2 . 22 ) 


(uW) /„i /m 


Here Pw ■ wdp is understood in distribution sense. 


Adams inequality was discovered in [Ad] with the motivation of simplifying the 
original proof in [M]. In particular a higher order sharp inequality was derived 
through the O’Neil inequality for convolution operator (see m) and an one di¬ 
mensional calculus lemma due to Adams-Garsia. Theorem 12.61 can be proven by 
modifying O’Neil inequality and the calculus lemma. 

For some geometrical and topological applications of these related equations we 
refer the readers to |OGYll IOGY21IGT] . 


3. Dimension at least 5 

The analysis of Q curvature and Paneitz operator in dimension greater than 4 
has some similarity to the analysis of scalar curvature and conformal Laplacian 
operator in dimension greater than 2. The research related to Yamabe problem 
serves as a nice model for asking interesting questions in the study of Paneitz 
operator. However due to the fact second order differential equations are much 
better understood than higher order differential equations, sometime the analogous 
problem for Q curvature can be more challenging. 

Based on the fact the first eigenfunction of conformal Laplacian operator can 
always be chosen as positive everywhere, it was observed in [KW] that in a fixed 
conformal class, we can always find a metric whose scalar curvature is only of one 
sign i.e. the scalar curvature is either strictly positive, or identically zero, or strictly 
negative. 

Problem 3.1. Let {M,g) be a smooth compact Riemannian manifold with dimen¬ 
sion n > 5, can we always find a conformal metric Ij such that Q is either strictly 
positive, or identically zero, or strictly negative? 

This seems to be a difficult question. One of the obstacle is fourth order symmet¬ 
ric elliptic operators can have no positive first eigenfunction at all. Indeed let M be 
any smooth compact Riemannian manifold, A be the smallest positive eigenvalue 
of —A, then the first eigenfunction of (—A)^ -|- 2AA must change sign. Though the 
answer to Problem 13.11 remains mysterious, partial solution to a related problem 
was found recently in [HY4] . Recall on a smooth compact Riemannian manifold 
{M,g) with dimension greater than 2, we have 

3g G [g] with i? > 0 Ai (Lg) > 0. 
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Here [g] denotes the conformal class of metrics associated with g. The same state¬ 
ment remains true if we replace ”>” by ”<” or ”=” (see [LP] 1. It is worth pointing 
out the sign of Ai {Lg) is a conformal invariant. In particular the above state¬ 
ment gives a conformal invariant condition which is equivalent to the existence of 
a conformal metric with positive scalar curvature. 


Problem 3.2. Let {M,g) be a smooth compact Riemannian manifold with dimen¬ 
sion n > 5, can we find a conformal invariant condition which is equivalent to the 
existence of a conformal metric with positive Q curvature ? Same questions can be 
asked when ’’positive” is replaced by ’’negative” or ’’zero”. 

|HY4) gives a partial answer to this problem under the assumption the Yamabe 
invariant Y {g) > 0. 

Theorem 3.1 l [HY4j l. Let n > 5 and be a smooth compact Riemann¬ 

ian manifold with Yamabe invariant Y (g) > 0, then the following statements are 
equivalent 

(1) Jg e [g] with Q > 0. 

(2) kerPg = 0 and the Green’s function of Paneitz operator Gp {p,q) > 0 for 
any p,q€ M,p q. 

(3) ker Pg = 0 and there exists ap € M such that Gp {p,q) > 0 for q G M\ {p}. 

By transformation law (EH) we know ker Pg = 0 is a conformal invariant con¬ 
dition, moreover under this assumption, the Green’s functions of Paneitz operator 
Gp satisfy 

G ^ {p,q) = p{p)~^ p{q)~^ Gp,g{p,q) . (3.1) 

P,p"-4g 

In particular, the fact Gp > 0 is also a conformal invariant condition. Of course this 
condition is clearly more complicated than the one given for the scalar curvature 
case, however the main strength of Theorem 13.11 lies in that it gives an easy to 
check necessary and sufficient condition for the positivity of the Green’s function of 
Paneitz operator for metrics of positive Yamabe class. As we will see shortly, the 
positivity of Green’s function is crucial in the study of Q curvature equation. 

The main ingredients in proof of Theorem 13.11 is an identity similar to (12.31) in 
higher dimension. 


Theorem 3.2 f [HY4] ). A ssume n>5, is a smooth compact Riemannian 


manifold with Y (g) > 0, p G M, then we have G 


-4 

-2 

L,p 


Rc 


G LA (M) and 


P I Gf;; ) = c„<5g - Rc 


in-2r 


in distribution sense. Here 

t-6 2 


Gr .r, 9 

L.P « g 

2 

4 

gTAA g 

L,p y g 

(3.2) 

-4)cc^, 

(3.3) 


Cn = 2 "-2n"-2(n —1) (n — 2) (n — 4)( 

ujn is the volume of unit ball in R", Gp^p is the Green’s function of conformal 
Laplacian operator with pole at p. 


Here we will give another conformal invariant condition for the existence of 
conformal metric with positive Q curvature. To achieve this we first introduce 
some notations. 
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Let (M, g) be a smooth compact Riemannian manifold. 11 K = K (p, q) is a 
suitable function on M x M, we define an operator Tk as 

Tk iv>) ip)= f K {p, q) (f (q) dp {q) (3.4) 

J M 

for any nice function ip on M. If K' = K' {p,q) is another function on M x M, 
then we write 

{K * K'){p,q) = f K {p,s) K'{s,q)dp{s) . (3.5) 

JM 

If n > 5 and Y [g) > 0, we write 

H{p,q) (3.6) 

= 2^n~^ (n - 1)^ (n - 2)~^ (n - Wn {p,q)'^ , 

and 


Ti ip,q) 


= 2"-2n 


(3.7) 


(n - 1) "-2 (n - 2) ^ ojn" '^Gl { p , q) 


Rc 


(<?)• 


Then (13.21) becomes 

PqH {p,q) = Sp{q)-Ti{p,q) . (3.8) 

Note that by the calculation in |HY4[ Section 2], 

T,{p,q) = 0{pcf-^), (3.9) 

here pq denotes the distance between p and q. Assume for all p G M, 


0 < 


Ti {p,q)dp{q) < a < oo, 


/M 


(3.10) 


then 

^ ■ (3-11) 

4 

Moreover if we let g = p”--^g, here p is a positive smooth function, then for any 
smooth function ip on M, 


(p) = p-^Tr, {pp). (3.12) 

In another word, is similar to Tpi ■ Hence they have the same spectrum and 
spectral radius i.e. a ~ '^(^Ti) and r„ “ ’’o’ (^ri) (the spectral ra¬ 

dius). 


Theorem 3.3. A ssume n > 5, {M'^^g) is a smooth compact Riemannian manifold 
with Y (g) > 0, then 

^9 G [<?] with Q > 0. the spectral radius r„ (TrJ < 1. 

Moreover if r^ [Tti) < 1, then kerP = 0 and 

OO 

Gp = H + H, (3.13) 


here 


rfe = ri=i=---*ri (k times), 


( 3 . 14 ) 
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H and Fi are given in iTOI) and The convergence in 1,9. i. 91) is uniform in 

the sense that 

i 

Gp - HH —^0 

fe=i 

uniformly on M x M as I ^ oo. In particular, Gp > H, moreover if Gp {p,q) = 
H {p, q) for some p ^ q, then {M, g) is conformal equivalent to the standard S'". 


Proof. Assume there exists a g G [ 5 ] with Q > 0, then we hope to show (Ipi) < 1. 
Because (Tpi) = fa replacing g with g we can assume the background 

metric satisfies Q > 0. By (EH) we know for any smooth function ip, 

ip = TH{Pip)+TrAT)- (3.15) 

Taking = 1 in (|3.15l) we get 

f ^iiP,q)dp,iq) = 1 [ H {p,q)Q{q)dp.{q). (3.16) 

Jm ^ J M 

Using the fact Q > 0 we know there exists a constant a such that 

/ Ti{p,q)dfi{q) <a <1 
JM 

for all p G M. It follows that 


and hence 

fa (Tpi) < a < 1. 

On the other hand, assume rg. (Tr^) < a < 1, then we can find a constant fcp 
such that for k > kg, 

It follows that 

[ T^kip,q)dp.{q) < A. 

Jm 

Fix m > j, using estimate (13.91) we see for all k > ko + m, 

Akh- < Wrmh^ < caK 
In particular HFfeHj^oo —t 0 and 

IlFfe^iFll^^ <c||rfc||^,. <ca^ 

Iterating (I3.15P we see 

if = TH+rt*H+ -+rk_i*H {Pp) + (p). 


Let k —>■ c», we see 

T = '^H+Y,T=i fk*H {Pp) ■ 

In particular, Pip = 0 implies p = 0 i.e. ker P = 0. Moreover 

OO 

Gp = H + Tk* H. 

fe=i 

In particular Gp > iF > 0. If Gp {p, q) = H (p, q) for some p ^ q, then Fi (p, •) = 0, 
in another word 

Rc i =0. 
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Since ( M\ {p} , G£ ^ g] is asymptotically flat, it follows from relative volume com¬ 


parison theorem that ( M\ {p} , G£ ^ g \ is isometric to R", hence (M, g) is confor- 


L,p 

mal equivalent to standard S'". 

Since Gp > 0, it follows from Theorem 13.11 that there exists 'g € [g] with Q > 0. | 

We remark that the infinite series expansion of Gp in (13.131) is similar to those 
for Green’s function of Laplacian in [Aul] . 

Remark 3.1. Indeed it follows from i3.16V that as long as Y (g) > 0 and 

[ H (p, q) Q (q) dp (q) > 0 

JM 

for all p G M, then r„ {Trf) < 1. In partieular this is the case when Q > 0 and not 
identically zero. 


Problem 3.3. Let {M,g) be a smooth eompaet Riemannian manifold with dimen¬ 
sion n > 5, can we find a metric g S [p] such that Q = const? 


This turns out to be a difficult problem with only partial solutions available. If 

_ 4 

we write the unknown metric g = p"—* g, then we need to solve 

Pp = const ■ , p € C°° (M), p > 0. (3.17) 

As in the case of Yamabe problem, (13.171) has a variational structure. Indeed, for 
M e G“ (M), let 


E{u) = / Pu 

JM 


udp 


(3.18) 


IM I 


{Auf - AA (Vu, Vu) + in-2)J |V^r -f 


n — 4 


Qu^ 


dp. 


Clearly we can extend E (u) continuously to u G (M). Let 

14(5)= inf 


(3.19) 


then Yi (g) is a conformal invariant in the same spirit as Y (g). If Yj (g) is achieved 
at a smooth positive function p, then it satisfies (13.171) . On the other hand, even 
if Y 4 (g) is achieved at a function u G (^): we can not conclude whether u 

changes sign or not. An observation made in m says that if P > 0 and Gp > 0, 
then the minimizer must be smooth and either strictly positive or strictly negative. 
We remark that it had been observed in |HeRl[ IHeR21 IHuR) that the positivity 
of Green’s function of Paneitz operator plays crucial roles in various issues related 
to Q curvature. Without the classical maximum principle, it is hard to know the 
sign of Green’s function of the fourth order operator. A breakthrough was made 
in [GM], which provides an easy to check sufficient condition for the positivity of 
Green’s function. 


Theorem 3.4 i [GM] l. A ssume n > 5, {M^,g) is a smooth compact Riemannian 
manifold with R > 0, Q > 0 and not identically zero, then P > 0. Moreover if u is 
a nonzero smooth function with Pu > 0, then u > 0 and R 4 > 0. In particular, 

U "^-4 g 

Gp > 0. 
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Note that the necessary and sufficient condition in Theorem 13.II is motivated by 
[GMl IHuR] . The final solution of Yamabe problem uses the positive mass theorem 
(see [LBls]). The corresponding statement for the Paneitz operator is established 
in |GM[ [HuR] . Indeed an elementary but ingenious calculation in |HuR) justifies 
the positivity of mass under the assumption of positivity of Green’s function of 
Paneitz operator for locally conformally flat manifolds. As pointed out in [GM) . 
the same calculation carries through to nonlocally conformally flat manifolds in 
dimension 5,6 and 7 as well. A close connection between the positive mass result 
and formula (13.21) is found in |HY41 section 6 ]. Combine these with Theorem 13.11 
and 13.31 we have 


Theorem 3.5 f [GMl [HY4l iHYSl [HUR] ). Assume n > 5, is a smooth 

compact Riemannian manifold with Y ( 5 ) > 0 and the spectral radius r„ (Tpi) < 1 
(Ti is given by If n = 5,6,7 or (M, g) is locally conformally flat nearp G M, 

then kerP = 0 and under conformal normal coordinate at p, Xi, ■ ■ ■ ,Xn, 


Gp^p = 


2n {n — 2) {n — 4) uir, 


(^4-n + ^ + O 


with the constant A > 0 , here r = \x\, oJn is the volume of the unit ball in M". 
Moreover A = 0 if and only if {M,g) is conformal equivalent to S'". 


Indeed following |HY4[ Section 6 ] we note that under the assumption of Theorem 
33](see [LP]) 

Gl,p= (r^-" + Q(r-^)). 


4n (n — 1) ujr, 


Let Hp (q) = H {p, q), then 


Gp„ -H^ = 


^ 2n (n — 2) (n — 4) w, 

It follows from (13.81) that 


+ O (r). 


P{Gp^p-Hp){q) = V^{p,q). 


Hence 


A 


= 2n {n - 2) (n - A) uj„ Gp {p,q)Ti{p,q)dg.{q) 

J M 


2{n-i) n-4 


= 2 (n — !)"-= (n — 2 ) ^(n — 4)oJn 


n — 4 
a-2 


IM 


Gp,pGl 


Rc 


’L.p a 


dp. 


This is exactly the formula proven in |HuR| . Theorem 13.51 follows from this calcu¬ 
lation. With Theorem l3. 1113.31 and l3.Sl at hand, we are able to give the first partial 
solution to Problem 13.31 


Theorem 3.6 ( [GMllHY5] b Let {M, g) be a smooth compact n dimensional Rie¬ 
mannian manifold with n > 5, Y {g) > 0, Y 4 (g) > 0, r„ (TrJ < 1, then 

(1) Y 4 ( 5 ) < ^4 (S"), and equality holds if and only if {M,g) is conformally 
diffeomorphic to the standard sphere. 

(2) Y4 (5) is always achieved. Any minimizer must be smooth and cannot 
change sign. In particular we can find a constant Q curvature metric in 
the conformal class. 
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(3) If (M, g) is not conformally diffeomorphic to the standard sphere, then the 
set of all minimizers u for I 4 {g), after normalizing with ||i/,||^ = 1 , is 

compact in (7°° topology. 

It is worth pointing out that for a locally conformally flat manifold with positive 
Yamabe invariant and Poincare exponent less than (see [SY] I. Theorem l3.6l was 
proved in |QR2| by apriori estimates (using method of moving planes for integral 
equations developed in [CLOj l and connecting the equation to Yamabe equation 
through a path of integral equations. 

Note that Yi (g) > 0 is the same thing as P > 0. Either one of the following 
conditions guarantee the positivity of Paneitz operator 

• [GMIIXYT] : n>5, R>0, Q>0 and not identically zero; 

• [CHYl Theorem 1.6]: n > 5, J > 0, tT 2 (7l) > 0 and {M,g) is not Ricci flat. 
In applications we are usually interested in metrics not just with Q > 0, but 

with both R > 0 and Q > 0. This leads us to a question similar to Problem 13.21 

Problem 3.4 f |GHLl Problem l.lj). For a smooth compact Riemannian manifold 
with dimension at least 5, can we find a eonformal invariant condition which is 
equivalent to the existence of a conformal metric with positive scalar and Q curva¬ 
ture? 


Theorem 3.7 ( |GHL ) ]. Let {M, g) be a smooth compact Riemannian manifold with 
dimension n > 6. Denote 


(5) = 


Im 

2 ma](Jl{M))'^ 


/m Pu ■ udn 

li>0 "L’^-4 


and 


y: (ff) = 


n — 4 


ImQ^I^ 


inf 

(jiiM)y 

R>0 


If Y {g) > 0 and Vf (g) > 0, then there exists a metric g G [g] satisfying i? > 0 and 
Q > 0. In particular, P > 0, the Green’s function Gp > 0, and Y 4 {g) is achieved 
at a positive smooth function u with R 4 > 0 and Q 4 = const. Moreover, 

U n — 4 g U'^-^ g 


V 4 (g) = Y+ (g) = Yf (g). 


Corollary 3.1 f fGHLi l. Let (M, g) he a smooth compact Riemannian manifold 
with dimension n > 6. Then the following statements are equivalent 

(1) Y{g)>0,P>0. 

(2) Y{g)>0,Y:{g)>0.^ 

(3) there exists a metric g G [g] satisfying i? > 0 and Q > 0. 


Gorollary 13.11 answers Problem 13.41 for dimension at least 6 . It also tells us in 
Theorem l3.6l condition (Tti) < 1 is implied by the positivity of Y (g) and I 4 {g) 
when n > 6 . The case n = 5 still remains open for Problem l3.4l 


Problem 3.5. Let (M,g) be a smooth compact Riemannian manifold with dimen¬ 
sion n > 5, do we have 

Y{g)>0,Q>0=^P>0I 
The answer is probably negative. 
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This seems to be a subtle question. Indeed from [GMl IXYl) , we know when both 
R and Q are positive, then P is positive definite. If we have Y (g) > 0 and Q > 0 
instead, then some conformal metrics have positive scalar curvature. However the 
set of metrics with positive scalar curvature may be disjoint with those with positive 
Q curvature. Nevertheless Theorem 13 .1 1 tells us kerP = 0 and Gp > 0. In |HY5) . 
it is shown this is enough to find a constant Q curvature in the conformal class. 
Together with Theorem 13.31 we have another partial answer to Problem 13.31 

Theorem 3.8 ( [HY5) ). Let (M, g) be a smooth compact n dimensional Riemannian 
manifold with n > 5, Y (g) > 0, Va- (Tpi) < 1; then kerP = 0, the Green’s function 
of P is positive and there exists a conformal metric g with Q = 1. 

Note that if the answer to Problem l3.5l is positive, then Theorem l3. 81 would follow 
from Theorem l3.6l Without knowing the positivity of Paneitz operator, we can not 
use the minimization problem (I3.19|) to find the constant Q curvature metrics. A 
different approach was developed in |HY5j . Under the assumption of Theorem l3.81 
it follows from Theorem 13.31 that kerP = 0 and Gp > 0. If we denote / = p"-"*, 
then equation (13.1711 becomes 


TGpf = ^j'^Y /eG°“(M),/> 0 . 

n — 4 

(3.20) 

J^Ta.f-fdt, 

© 4 ( 5 )= sup 2 

(3.21) 

/gL5rFi(M)\{0} 



By (13.111 . we know ©4 (g) is a conformal invariant, moreover it has a nice geometrical 
description, which is local, (see |HY51 Section 2.1]) 


04 (5) = 


n — 4 


sup 



sup 


: 5 e [5] > 




Pu • udp. 


(3.22) 


It follows from the classical Hardy-Littlewood-Sobolev inequality ©4 (g) is always 
finite. The benefit of this formulation is if ©4 (g) is achieved by a maximizer /, we 
deduce easily from the positivity of Gp that / cannot change sign. With Theorem 
13.1113.3l and l3.Sl at hands, we have the following statement about extremal problem 
for ©4 (g): 


Theorem 3.9 ( [HY5] ). A ssume {M, g) is a smooth compact n dimensional Rie¬ 
mannian manifold with n>5,Y (g) > 0, r^ (Tpi) < 1, then 

(1) ©4(5) > ©4(5'"), here S'" has the standard metric. ©4(5) = © 4 ( 5 "") if 
and only if (M, g) is conformally diffeomorphic to the standard sphere. 

(2) ©4 ( 5 ) is always achieved. Any maximizer f must be smooth and cannot 

change sign. If f > 0, then after scaling we have Gpf = i.e. 

Q 4 =1. 


(3) If (M, g) is not conformally diffeomorphic to the standard sphere, then the 
set of all maximizers f for ©4 (g), after normalizing with ||/||^_^ = 1, is 
compact in the G°° topology. 
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The approach in Theorem l3.9l is motivated from the integral equations considered 
in [HWYll IHWY2] . Integral equation formulation of the Q curvature equation had 
been used in |QR2| . 

At last we note that compactness problem for constant Q curvature metrics in 
a fixed conformal class has been considered in |HeRl[ IQ ILXl |QRH IWZ) . 

4. Dimension 3 

As we will see soon, the analysis of Q curvature equation in dimension 3 is very 
different from those in dimension greater than 4. On the other hand, we expect the 
scalar curvature and Q curvature plays more dominant role for the geometry of the 
conformal class and the topology of the underlying manifold in dimension 3 than 
in dimension greater than 4. Because of this, we will list problems in dimension 3 
explicitly even though some of them are similar to those in Section [31 
In dimension 3, the Q curvature is given by 

1 23 

Q = --AR-2|Rc|^ + -R2 (4.1) 

= -AJ- 2 |A|V^J^ 

= —AJ + 4(72 (A) — 2 "^^’ 

here 

J=j, A = Rc-Jg. (4.2) 

The Paneitz operator is given by 

5 I 

Pip = A^(/? + 4 div [i?c (V(/3, Ci) Ci]--div (i?V(/?) —(4.3) 

= + 4 div [A (V(/ 3 , Ci) e^) — div (JVt/?) — ^Q^- 

Here 61 , 62,63 is a local orthonormal frame with respect to g. For any smooth 
positive function p, 

Pp-^g^ = P^Pg (PP) ■ (4-4) 

Hence 

Q,-4g = -2p^Pg {p ). (4.5) 

Problem 4.1. Let {M,g) be a 3 dimensional smooth compact Riemannian mani¬ 
fold, can we always find a conformal metric g such that Q is either strictly positive, 
or identically zero, or strictly negative? Can we find a conformal invariant con¬ 
dition which is equivalent to the existence of a conformal metric with positive Q 
curvature? Same questions can be asked when ’’positive” is replaced by ’’negative” 
or ’’zero”. 

Unfortunately this simple looking question only has partial solution at this stage. 

Theorem 4.1 f [HY4] I. Let (M, g) be a smooth compact 3 dimensional Riemannian 
manifold with Y (g) > 0, then the following statements are equivalent: 

(1) Ag G [g] with Q > 0. 

(2) ker Pg = 0 and the Green’s function Gp (j),q) < 0 for any p,q € M, p q. 

(3) kerPg = 0 and there exists ap & M such thatGp {p,q) < 0 for q G M\{p}. 
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By transformation law (|4.4I1 we know ker Pg = 0 is a conformal invariant condi¬ 
tion. Under this assumption, the Green’s functions satisfy 

Gp,p-4g (p, q) = p (p)“^ p {q)~^ Gp^g (p, q). (4.6) 

Hence the fact Gp (p, q) < 0 for p ^ q is a conformal invariant condition. Theorem 
14.11 is based on the following identity: 


Theorem 4.2 ( [H Y 4] 1 . Let {M, g) be a i dimensional smooth compact Riemannian 


manifold with Y (g) > 0, p G M, then we have G^^, 




L,p9 


S (M) and 


P 




= -2567r2dp + 


RCqA 


L,p3 


(4.7) 


in distribution sense. 


If Y [g) > 0, we write 


H (p, q) = - 


Gl (p, q)' 


2567r2 ’ 


and 


Ti {p,q) = 


Grjp^q) ^ 

2567r2 


Reel 


(?)■ 


Then (14.71) becomes 

PqH (p, q) =5p{q)-Ti (p, q) . 
Note that by the calculation in |HY4[ Section 2], 

Vi{p,q)=0 {pq~^) , 


(4.8) 


(4.9) 

(4.10) 

(4.11) 


here pq denotes the distance between p and q. 

If we let g = p~^g, here p is a positive smooth function, then for any smooth 
function ip on M, 

(ip) = p-^Tr, (pp). (4.12) 

Hence Tp^ and Tr^ have the same spectrum and spectral radius. 


Theorem 4.3. Let {M,g) be a 3 dimensional smooth compact Riemannian mani¬ 
fold with Y {g) > 0, then 

G [<?] with Q > 0. the spectral radius r„ {Trf) < 1. 


Moreover if r^ (Tpi) < 1, then kerP = 0 and 

OO 

Gp = i7 + ^rfc*H, (4.13) 


rfe = ri=i=---*ri (k times), (4-14) 

H and T i are given in and The convergence in i4.1S\ ) is uniform. In 

particular, Gp < H, moreover if Gp {p,q) = H {p,q) for some p,q, then {M,g) is 
conformal equivalent to the standard S^. 
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Proof. The argument is basically same as the proof of Theorem 13.31 If there exists 
a 5 S [g] with Q > 0, by conformal invariance we can assume the background metric 
has positive Q curvature. By (14.101) for any smooth function tp, 


Taking (p 


ip = TH {Pp) + Tri {p). 

1 in (I4.15P we get 

f ^iiP,q)dpiq) = 1 + ^ [ H {p, q) Q (q) dfi (q). 
JM ^ Jm 


(4.15) 

(4.16) 


Hence for some a 



Ti {p,q)dp{q) < a < 1 


for all p G M. It follows that 




and 


fcr (TrJ < a < 1. 

On the other hand, assume (Tti) < a < 1, then we can find a constant fcg 
such that for k > kg, 


It follows that 


irJr.ll£(L=o,Loo) <a^ 

/ ^k{p,q)dp{q) < a'". 

JM 


Using (14.111) we see for all fc > fcp + 2, 


In particular ||rfc||j 


llTlcll ^oo < O! 
0 and 


k-2 


l|r 


2|Il=o ^ 


< ca . 


\\rk*H\\^^<c\\T,\\^^<ca^ 


The remaining argument goes exactly the same as in the proof of Theorem 13.3 
Remark 4.1. Indeed it follows from ([/(.ld[ ) that as long as Y (g) > 0 and 

[ H (p, q) Q (q) dp (q) < 0 


IM 


for all p G M, then r^ (Ttj^) < 1. In particular this is the case when Q > 0 and not 
identically zero. 


It is worth pointing out that if kerP = 0, then because 5p G II~^ (M), we 
see Gp^p G (M) C (M), in particular the Green’s function has a value at 
the pole, Gp^p (p). This pole’s value plays exactly the same role as the mass for 
classical Yamabe problem. If Y (g) > 0, (Tti) < 1 and {M,g) is not conformal 
diffeomorphic to the standard S^, it follows from Theorem 14.31 that Gp {p,q) < 0 
for all p,q G M. On the other hand, on the standard , the Green’s function of 
Paneitz operator touches zero exactly at the pole and is negative away from the 
pole. 


Problem 4.2. Let {M,g) be a 3 dimensional smooth compact Riemannian mani¬ 
fold, can we find a metric g G [g\ such that Q = const ? 
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Theorem 4.4 ( [HY3l |HYlj ). Let {M, g) be a 3 dimensional smooth compact Rie- 
mannian manifold with Y (g) > 0 and (Tpi) < 1, then there exists 'g G [g] such 
that Q = 1. Moreover as long as {M,g) is not conformal diffeomorphic to the 
standard , the set ] 3 G [ 5 ] : Q = 1 is compact in C°° topology. 


Indeed let g = m then Q = 1 becomes 

Pu = -^u-'^, ueC°°{M),u>0. (4.17) 

We can assume {M,g) is not conformal diffeomorphic to the standard S^, then it 
follows from Theorem 14.31 that kerP = 0 and Gp {p,q) < 0 for all p, g G M. Let 
K {p, q) = —Gp {p, q) > 0, then (14.1711 becomes 

u = ^Tk (u-^) . (4.18) 

For 0 < t < 1, we consider a family of integral equations 

u = ^T^i-t)+tK (u“^) • (4.19) 

Elementary apriori estimate for (14.191) based on the fact K is bounded and strictly 
positive together with a degree theory argnment gives us Theorem 14.41 Isee |HY3) 1. 
Note the proof of Theorem 14.41 is technically simpler than the proof of Theorem 
13.81 This gives a partial solution to Problem 14.21 

To find more solutions to Problem 01 we turn our attention to variational 
methods. If we write g = p~'^g, then the problem becomes 

Pp = const ■ p G (M ), p > 0. (4.20) 

For u G G°° (M), we denote 


E(u,v) = / Pu 

Jm 


udp 


(4.21) 


'M L 


{Auf - ARc (Vu, Vu) + ^R |Vu|^ - 


djj, 


IM 


[Auf - 4A (Vu, Vu) + J\Vu\^ - 


dp,. 


It is clear that E (u) extends continuously to u G (M). Sobolev embedding 
theorem tells us (M) C (M), hence we can set 


Yi (g) = inf E (u) 

ueH'^{M),u>0 


1 


= -| sup M(M)3 


96 [9] 


Qdp. 


' M 


(4.22) 


14 ( 5 ) is a conformal invariant similar to Y (g). But unlike Y (g), it is not clear 
anymore whether 14 ( 5 ) is finite or not. 


Problem 4.3. Let (M,g) be a 3 dimensional smooth compact Riemannian mani¬ 
fold, do we have Y 4 (g) > — 00 ? Ls I 4 (g) always achieved? 

To better understand the problem, following [HY1] . we start with some basic 
analysis. Let ui be a minimizing sequence for ()4.22ll . By scaling we can assume 
||ui||j ;^2 = 1. By Holder inequality we have 

C= l|l||^f < \M\p 2 \\u~^\\pe : 
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hence 

Ihrlie >C> 0. 

It follows that E{ui) <c and hence ||uz ||//2 < c. After passing to a subsequence we 
can find u € (M) such that ut ^ u weakly in (M). It follows that ||u||j ;,2 = 1 

and u > 0 . 

If u > 0, then by lower semicontinuity we know u is a minimizer. On the other 
hand if u touches zero somewhere, then 

00 = IIII re < li™- inf IIII re i 

hence 

E {u) < lim inf E (ui) < 0. 

i—¥oo 

If we can rule out the second case, then I 4 {g) is achieved. 

Definition 4.1 1 [HYI| 1. Let (M, g) be a 3 dimensional smooth compact Riemann- 
ian manifold. If u G (M) with u > Q and u = 0 somewhere would imply 
E (u) > 0, then we say the metric g (or the associated Paneitz operator) satis¬ 
fies condition NN'^. If u G (M) is a nonzero function with u > 0 and u = 0 
somewhere would imply E (u) > 0, then we say the metric g satisfies condition 

Theorem 4.5 f [HYlp . Let {M, g) be a i dimensional smooth compact Riemannian 
manifold. Then we have 

I 4 {g) is finite => g satisfies 

and 

g satisfies P^ Y 4 (g) is achieved and hence finite. 

Note condition P+ is clearly satisfied when P > 0. In this case, Theorem 14.51 
was proved in [XY2] . Here is an example when we have positivity of the Paneitz 
operator. 

Lemma 4.1 f [HYl| ). If Y (g) > 0, (T 2 (A) > 0, Q < 0 and not identically zero, 
then P > 0. 


Examples satisfying assumptions in Lemma 14.11 can be found in Berger spheres 
(see [HY1| 1. Here we give another criterion for positivity in the same spirit as 
[CHYl Theorem 1.6]. 

Lemma 4.2. If (T 2 {A) < 0 and 2Jg > A (note this implies J > 0), then P > 0. 


Proof. Let 


be the traceless Hessian and 


„ Alt 

0 = D^u - g 

3 ^ 


I 1 J 
A = A - g 


be the traceless Schouten tensor. For convenience we use A ^ B to mean Adfi = 
Bdg. First we derive the Bochner identity. 


(An)^ = 


— RijikUk^ U 


UiiUjj ~ Uiij^j 
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Hence 

(Au)^ - |0|^ + + A (Vu, Vu) + J I Vu|^ . 

o 

In another way 

(An)^ ^^\ef + ^A (Vn, Vw) + ^ J |Vn|" . 

The next step is to remove the A J term in Q curvature. Note that 

—A J • ^ 2JiU ■ Ui = 2AijjU ■ Ui —2AijUiUj — 2AijUijU 

2 

= —2AijUiUj — 2AijQijU — -JuAu 

= —2AijUiUj — 2AijQijU — — J (^Au^ — 2 |Vu|^^ 

1 2 

~ —2AijUiUj — 2AijQijU — 7;AJ ■ + - J |Vu|^ . 

o o 

Hence 


-AJ-u^ —3H (Vm, Vm) — + J |Vm|^ 

= —3H (Vm, Vm) — 3Hij0yU + JIVm|^ . 


It follows that 


(Am)^ + J |Vm|^ - 4A (Vu, Vu) - -Qu^ 

^ |0| V ‘^AijQ.^u + 2 JI Vu|^ - A (Vu, Vu) - + |A|^ u^ 

3 
2 


0 + 2 '“^ 


+ 2 J I Vu|^ - A (Vu, Vu) - ^ - 1^1^) 


u^. 


In another word 


E(u) = 


'M 


0 + 2 ^^ 


'M 


dfj. + 
u^dfjL. 


2J\Vu\ - A (Vu,Vu) 


M 


djs 


The positivity follows. 


The assumption in Lemma 14.21 is satisfied by S'^ x with the product metric 
and some Berger’s spheres (see mi]). 

Conditions P+ and NN+ are hard to check in general, on the other hand, they 
are hard to use too. The closely related conditions P and NN can be introduced. 

Definition 4.2 1 [HYI) 1. Let (M, g) be a 3 dimensional smooth compact Riemann- 
ian manifold. If u G (M) with u = 0 somewhere would imply E (u) > 0, then 
we say the metric g (or the associated Paneitz operator) satisfies condition NN. If 
u € (M) is a nonzero function with u = 0 somewhere would imply E (u) > 0, 

then we say the metric g satisfies condition P. 

Condition NN can be used to identify the limit function u, when u touches zero 
in the brief discussion after Problem 14.31 Isee [HYIj l. 
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The standard sphere does not satisfy condition P+. Indeed, let x be the 
coordinate given by the stereographic projection with respect to north pole N, 
then the Green’s function of P at can be written as 

Gw = -^^^=. (4.23) 


471 


1 


In particular, E {Gm) = G^ (N) = 0. 


Theorem 4.6 I |YZ] 1. Y 4 (S'^, 553 ) is achieved at the standard metric. 

Indeed |YZ] shows Y 4 (5'^) is achieved by the method of symmetrization. All the 
critical points are classified by [^ . In [HI IHYI] , several different approaches are 
given. The main ingredient is the following observation: 


Lemma 4.3 ( |HYlp . Let N G be the north pole, u G (S'^) such that u (N) = 
0. Denote x as the coordinate given by the stereographic projection with respect to 
N and 



Then we know A (tu) G and 

E{u)= f |A(ru)|^dx, (4.24) 

Jr3 

here A is the Euclidean Laplacian. 


In particular satisfies NN. The only functions touching 0 and having nonpos¬ 
itive energy are constant multiples of Green’s functions. 

To help understanding the condition NN, in [HY2] . new quantities v {M, g,p) and 
u (M, g) are introduced. Let {M, g) be a 3 dimensional smooth compact Riemannian 
manifold, for any p G M, define 

v{M,g,p) = inf | ^ : u G {M)\{0} ,u{p) = ol. (4.25) 

I JM ^ J 

When no confusion could arise we denote it as v {g,p) or Vp. We also define 

v{M,g) (4.26) 

= inf I -j —: u G (M) \ {0} ,u{p) = 0 for some p 

I Jm ^ 

The importance of v {M, g) lies in that g satisfies condition P if and only if ly (g) > 0 
and it satisfies condition NN if and only if u (g) > 0. It follows from Lemma 
14.31 that j/(S'^, 553 ) = 0. a closely related fact is that the Green’s function of 
Paneitz operator on vanishes at the pole. In [HY2] . first and second variation 
of Gp {N, N) and u (S'^, g, A) are calculated. 

Theorem 4.7 ([HY2]). Let g be the standard metric on S^and h be a smooth 
symmetric (0,2) tensor. Denote x = tt^, the stereographic projection with respect 
to N and 
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Let Gg+th he the Green’s function of the Paneitz operator Pg+th, then 

dt\^^^Gg+th{N,N) = 0 (4.27) 

and 

d^l^^Gg+th{N,N) (4.28) 

~ ~ 647 r^ J ' {^ikjk + Ojkik ~ ~ ~ 2 ~ l^trO) ^ dx. 

Here 9 = r'^h and the derivatives etc are partial derivatives in R^. 

In particular, 

d^l^^Gg+thiN,N)<0 (4.29) 

Moreover, Gg+th {N, N) = 0 if and only if h = Lxg + f ■ g for some smooth 

vector fields X and smooth function f on . 

For iz {g + th, N) we have 

dt\t^o ^(9 + th, N) =0 (4.30) 

and 

u (g + th, TV) = -16 Gg+th (N, N). (4.31) 

In [HY2) . a close relation between condition NN and the second eigenvalue of 
Paneitz operator is given. 

Theorem 4.8 f |HY2) l. Let {M, g) be a 3 dimensional smooth compact Riemann- 
ian manifold with Y {g) > 0 and r„ (Tr^) < 1, then the following statements are 
equivalent: 

( 1 ) Y 4 ( 5 ) > - 00 . 

( 2 ) A 2 (P) > 0. 

(3) V {g) > 0 i.e. {M,g) satisfies condition NN. 

For condition P, there is a similar statement. 

Corollary 4.1 f |HY2) ). Let (M, g) be a 3 dimensional smooth compact Riemannian 
manifold with Y (g) > 0 and Va- (Tpi) < 1 ■ If (M, g) is not conformal diffeomorphic 
to the standard , then the following statements are equivalent: 

( 1 ) Y 4 ( 5 ) > - 00 . 

( 2 ) A 2 (P) > 0. 

(3) v (g) > 0 i.e. (M,g) satisfies condition P. 

These statements make the finiteness of I 4 (g) and condition NN more meaning¬ 
ful. 

Problem 4.4. Let {M, g) be a 3 dimensional smooth compact Riemannian mani¬ 
fold, does g always satisfy condition NN? Does metric with positive Yamabe invari¬ 
ant always satisfy condition NN? 

This seems to be a difficult question. We only have a partial answer. 

Theorem 4.9 f [HY3llHY^ l. Assume M is a smooth compact 3 dimensional man¬ 
ifold, denote 


M = {g:Y{g)>0, r,, (TrJ<l}, 


( 4 . 32 ) 
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endowed with C°° topology. Let M he a path connected component of A4. If there is 
a metric in N satisfying condition NN, then every metric in N satisfies condition 
NN. Hence as long as the metric is not conformal eguivalent to the standard S^, it 
satisfies condition P. 


Here we describe an application of above discussions. Let M be a 3 dimensional 
smooth compact manifold, /3 G R, we define a functional 

( 9 ) = [ (4.33) 

Jm Jm 

Calculation shows that the critical metric of Fp restricted to a fixed conformal class 
with unit volume constraint is given by 

Q + 213 AJ + /3 = const. (4.34) 


Proposition 4.1. Assume {M,g) is a 3 dimensional smooth compact Riemannian 
manifold satisfying condition P+, /3 < 0, then 

sup Jl (M) 3 Fp (g) (4.35) 

9e[g] 


is achieved. 


Proof. For any positive smooth function u, 


Fp (u '^g) = —2 / Pu ■ udpL + f3 f u* [—2A (m + Ju 

Jm Jm 


dp,. 


Define 


then 


‘h /3 (w) = [ Pu ■ udp — ^ f [—2A (m ^) + Ju dp, 

Jm 2 7^ 


Let 


sup p{M)^ Fp{g) =-2 inf ||m ^11^6 

gg[g] «eC (M) 

u>0 


m = inf u ^ (u) ■ 


<3>p (u). 


uGH-^iM) 
u>0 


We claim m is achieved. Indeed 


4>/3 (u) = 


IM 


{Auf - 4H (Vu, Vu) + J |Vm|^ - ^Qu^ 


dp 


—2/3 J ^Au — 2u ^ |Vu|^ + — dp. 


(4.36) 

(4.37) 

(4.38) 

(4.39) 

(4.40) 


Assume Ui € (AI), m > 0 is a minimizing sequence, by scaling we can assume 

maxM Ui = 1. Then 

It follows from /3 < 0 that 

E (Ui) < C. 


Hence E (ui) < c. Together with the fact 0 < Ui < 1 we get ||ui||//2(M) — c- After 
passing to a subsequence we can assume Ui ^ u weakly in (M)- Then Ui ^ u 
uniformly. It follows that maxM u = 1 and u > 0. We claim u can not touch 0. 
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Indeed if u touches zero somewhere, then since u S (M) we see u = oo. 
It follows from Fatou’s lemma that 


lim inf / ^dfi > u ®(i/i 
JM JM 


Hence 


lim sup E [ui) < 0. 


It follows that E {u) < 0, this contradicts with condition P+. The fact u > 0 
follows. To continue, we observe that rti —5> m in (M) for p < 6. Hence 


^/3 (u) < lim inf (m) . 


It follows that 


u $/3 (w) < lim inf \\u^ (ui) = m. 

i—^oo " " 


\j^6 ^ W^i ^6 

' ^ t—^OO " 

M is a minimizer. Calculation shows for any p S C°° (M) 


IM 


uPpdp — 2/3 y ^Au — 2 m ^ |Vm|^ + 


J 


A(^ — 4m (Vm, Vi^)+2m \Vu\ p +—p] dpi 


= const / M "^(pdii. 

J M 

Standard bootstrap method shows u G C°° {M). Proposition 14.II follows. | 

Corollary 4.2. Let {M,g) be a 3 dimensional smooth compact Riemannian man¬ 
ifold satisfying condition P+, Y (g) > 0 and 


j Qdp - ^ / J^dp > 0, 

J M 0 Jfj 

then the universal cover of M is diffeomorphic to . 
Remark 4.2. Ii4.41\) is the same as 


(4.41) 


[ \E\^dp<^f R^dp, 

JM 48 


(4.42) 


here E = Rc — ^g is the traceless Rieci tensor. 
Proof. It follows from Proposition 14.II that 


K = sup p (M)^ 
gelg] 




Rdp 


' M 


(4.43) 


is achieved. By (14.411) we know k > 0. Without losing of generality we can assume 
the background metric g is a maximizer and it has volume 1. Then 


Q — -^AJ — i = const. 
3 6 


(4.44) 


Integrating both sides we get 


Q--AJ--J^ = K>0. 
3 6 


(4.45) 
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In another way it is 


4 " 2 2 o 

-AJ -2 A + - = K. 

o o 


(4.46) 


Here A = A — \s the traceless Schouten tensor. Since the conformal Laplacian 
is given by L = —8A + 4J, 


LJ = 6k + 12 A > 0. 


2 


(4.47) 


Since Y {g) > 0, we see the Green’s function of L must be positive, hence either 
J > 0 or J = 0. The latter case contradicts with the fact Y (g) > 0. So the scalar 
curvature must be strictly positive. Finally 



(4.48) 


It follows from a result in [GDI IGLWj that the universal cover of M is diffeomorphic 
to S^. I 


The above example also shows the interest in the following question: 

Problem 4.5. Let {M,g) be a 3 dimensional smooth compact Riemannian mani¬ 
fold, can we find a conformal invariant condition which is equivalent to the existence 
of a conformal metric with positive scalar and Q curvature ? 

We remark that by modifying the technique in [GMj . it is shown in [HY3) that 
on 3 dimensional smooth compact Riemannian manifolds (M, g) with R > 0 and 
Q > 0, iig £ [g] satisfies Q > 0, then i? > 0 too. 
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